In the present study, we have studied the electro-hydrodynamic of a physical system where a Newtonian dielectric liquid column or droplet suspended in another Newtonian dielectric liquid medium in presence of a simple shear flow. Taking both the phases as leaky dielectric and perfect dielectric in to consideration, we have performed 2D numerical solution for capturing the essential features of droplet deformation in between the parallel plate configuration. For a perfect dielectric system, this study shows that the deformation characteristic follows a monotonic as well as non-monotonic variation with domain confinement depending on the values of electrical permittivity ratio of the droplet and the surrounding fluid. For a leaky-dielectric system, presence of small conductivity further alters the deformation characteristic and it is happened that, at low electric field strength, the deformation increases with confinement monotonically. On contrary, deformation parameter shows non-monotonic variation with the domain confinement at higher electric field strength. Furthermore, in confined domain, the transient evolution of the deformation parameter is also markedly altered by the electric field strength in terms of steady state value of the deformation parameter and steady state time. Finally, the present analysis shows that the domain confinement significantly augment the deformation parameter in presence of electric field that leads to possible droplet break up phenomenon. From the present study, it is worthy to mention that domain confinement can be used to modulate the droplet morphology that has potential applications in modern-days droplet-based micro-fluidic devices.
I. INTRODUCTION
The deformation and breakup of a liquid droplet and liquid column in presence of background flow under micro-confined environment is of fundamental importance in several applications. Examples are microfluidics technologies, emulsion processing, recovery of oils, atomization and spray and separation processes [1] [2] [3] [4] . In the modern era, droplet based microfluidics become a subject of growing interest in biological and chemical field because of the advantages of low sample consumption 5 , rapid mass/heat transfer 6 , and high throughput 7 . Important issues in the above mentioned applications include a precious control over both the size and morphology of the droplet or liquid column during deformation. In modern day micro-fluidics devices, external electric field has been used for fine-tuned manipulation of droplet and liquid column [8] [9] [10] . For most of those cases, the droplets or liquid columns are subjected to both imposed hydrodynamic flow and electric field.
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Due to the application of uniform electric field, electric stress is generated at the droplet surface. For a perfectly conducting or dielectric droplet, the electric stress acts in the perpendicular direction of the droplet surface that always tries to deform the droplet in to prolate shape 11 . But this scenario is surprisingly changed for a leaky dielectric droplet (droplet having week conductivity), where the droplet may deform into oblate or prolate shaped based on the relative magnitude of electrical conductivity, permittivity ratios between droplet and suspending media. Beside the deformation of the interface, the electric field also generates EHD flow in and around the droplet 12 . For denoting the sense of deformation, Taylor (1966) has analytically derived a deformation characteristic function (Ω T ). For the case of Ω T < 0, the droplet deforms to an oblate shape, whereas for Ω T >0, it deforms to a prolate shape. Ω T =0 utters a zero deformation state which may occur in case of leaky dielectric due to the intricate interaction of electric and hydrodynamics normal stress. After the pioneering work of Taylor (1966) 12 , several analytical, numerical and experiment studies have been made on the EHD deformation and conditions of breakup of spherical droplet [13] [14] [15] [16] [17] [18] [19] [20] Like EHD of droplets, in presence of electric field, the surface of the liquid column also deforms due to the generation of electrical stresses. Several studies have been made on the effect of axial and radial electric fields on the deformation characteristic of liquid columns [21] [22] [23] [24] [25] [26] [27] . But less attention is paid on the effect of transverse electric field on the EHD of liquid columns, which is of significant relevance in the continuous flow electrophoresis (CFE) technique for separating/fractioning of proteins, colloidal particles and macromolecules [28] [29] [30] [31] [32] . In case of CFE technique and several other cases, a 2D liquid droplet can be used as a prototypical model of liquid column. First analytical study on the effect of transverse electric field on the deformation of a liquid column (considered as 2D droplet) has been made by Rhodes et al. 28 . In the later year, some analytical and numerical analysis have been done by Esmaeeli and co-workers [33] [34] [35] . Their study shows that, the liquid column always deform into prolate shape for a perfect dielectric system, whereas for leaky dielectric system it may deform into oblate or prolate shape depending on the value of permittivity ratio and conductivity ratio of the droplet and surrounding fluid similar to EHD of droplet.
Numerous studies have also been made on the effect of a simple shear on viscous droplet suspended in a channel in the absence of electric fields [36] [37] [38] [39] [40] [41] . In related studies, Sibilo et al. 42 and Mandal and Barai 43 have studied the effect of confinement in details. From their study, it is important to note that the domain confinement creates a complex oscillation in the transient deformation characteristic and droplet break up phenomenon is suppressed in the confined domain. Several studies have also been performed on the dynamics of droplet suspended under the combine action of hydrodynamic and electric flow field [44] [45] [46] [47] where the analysis have been done considering that the droplet radius is much smaller than the channel height (electrode-electrode distance). However, the effect of domain confinement on the EHD of liquid droplet in presence of shear flow has not been explored till date. The study of micro confinement finds its relevance in several modern days micro fluidics applications, where the cross sectional area of the liquid droplet or column are typically of the same order of the domain size. Motivated by the observations, in the present study we have studied the EHD of 2D liquid droplet in confined domain in presence of simple shear flow. In the present work, our objectives are to study the effect of domain confinement on (i) steady state droplet morphology (ii) transient evolution of droplet deformation (iii) droplet break up phenomenon.
II. PROBLEM FORMULATION

A. System description
For the present analysis, we have considered a physical system as shown in figure. 1, where a dielectric liquid droplet is suspended in another dielectric fluid medium in confined domain. The system is subjected to simple shear flow, where the two walls of the domain are moved in the opposite direction with velocity U and a uniform electric field, E ∞ is also applied along the transverse direction. The physical properties of the droplet and the ambient fluid are density i ρ , e ρ , the viscosity, i µ , e µ , the electric permittivity, i ε , e ε and the electric conductivity, , i e σ σ . The surface tension is denoted by γ. The radius of the undeformed droplet is a. The subscripts i and e depict the physical parameters inside and outside of the droplet respectively. Due to the application of electric field as well as imposed shear flow, the droplet deforms to a non-spherical shape and the domain confinement also effect the deformation by altering the strength of the electric field as well as viscous drag. In order to analyze the system, a two dimensional (2D) Cartesian co-ordinate has been considered and the origin is fixed at the center of the circular cross-section.
B. Governing equations and boundary conditions
In the present analysis, both the droplet and the surrounding fluids are treated as leaky dielectric fluid that have small but finite electrical conductivity. According to leaky dielectric model, the bulk fluid does not contain any free charges and free charges are present only at FIG.1 Schematic illustration of a physical system showing a liquid droplet of radius a suspended in a confined domain encountering a uniform electric field and simple shear flow. The upper and lower wall move in the opposite direction with velocity U. Upper wall is connected to the positive electrode having potential HE ∞ and the bottom wall is attached to the negative electrode of potential -HE ∞ , where 2H is the distance between the walls and E ∞ is the magnitude of applied electric field. the interface 48 . Thus, the electric potential inside ( i φ ) and outside ( e φ ) of the droplet is represented by Laplace equation as follow
As the electric field E is irrotational 33 , it is related to electric potential as 
Here 2H is the distance between two walls. In the x-direction, electric potential is periodic in nature. In addition to this, it also fulfills the interfacial boundary conditions at the deformed interface of the droplet. At the droplet interface, electric potential is continuous 
Here,
r r r r − − = n ∇ ∇ represents the outward unit normal to the droplet interface 49 .
Under the paradigm of the leaky dielectric model, the fluid flow inside and outside of the droplet is governed by the continuity equation and the Navier-Stokes equation as follow 
where the velocity and pressure field are represented by u and p. For the case of sharp fluidfluid interface limit, no volumetric electric force is involved as the bulk is charge free and also has constant permittivity. So, the governing Navier-Stokes equation also does not contain any electrical body force term and the coupling between hydrodynamic and electrostatic is done through stress balance, not through any volumetric electric force. Inside the droplet, the velocity field should remain finite and outside the droplet, the velocity field satisfies the no-slip and no penetration boundary condition at the two wall (n s is unit normal vector at the solid surface) as 
u n u u n n u n u u n n (6) Additionally, the velocity field also satisfies the no slip and no penetration boundary condition at the droplet interface in the following form 
At the interface, the balance among electric, hydrodynamic and capillary stresses that couple hydrodynamic and electrostatic in EHD flow are represented in the following form ( ) 
where H τ and E τ represent hydrodynamic and electric stress tensors, respectively.
III. MATHEMATICAL CHALLENGES AND SOLUTION METHODOLOGY
First of all, for recognizing the important governing parameters, we have used the following non-dimensional scheme: length is non-dimensionalized by a, velocity by R S a (Where S R is the shear rate), electric field by E ∞ , viscous stress by e s u a µ , and electric stress From the mathematical model, we are come to know that the deformation of the droplet interface depends on the four principle stresses: a) normal electric stress b) normal hydrodynamic stress c) viscous stress due to shear flow and d) the capillary stress at the interface. It is worthy to mention that the droplet shape is not known from priori and the calculation of it needs the idea of electric stress and hydrodynamic stress at the droplet interface. Again, the flow field and electric potential associated with the electric stress and hydrodynamic stress depends on the knowledge of the droplet shape that creates a non-linear boundary condition at the droplet interface even underneath the creeping flow (Re=0) condition. Due to that reason, we cannot get the analytical solution for the arbitrary values of non-dimensional number. Furthermore, another complication comes from the confined parallel plate configuration. Because of that, we have adopted the numerical solution of the problem for capturing the dynamics of droplet interface in presence of transverse electric field and simple shear flow in confined domain. Neglecting the effect of wall confinement, we have also performed an analytical solution and compared them with the numerical results for checking the correctness of numerical result (refer to appendix A for analytical solution).
In the present analysis, Phase-field method 50, 51 has been used for representing the fluid-fluid interface for highly deformed droplet. The main reason behind the use of Phasefield method is that it has no necessity of tracking the interface as the diffuse interface takes the place of sharp interface. In the present days, this formalism have been used with good accuracy and reported in several studies [52] [53] [54] . In the phase field method, an order parameter φ (x, t) has been used for the determination of the distribution of constituting fluid element. According to figure 1, φ (x, t) =1 in the suspending fluid region whereas φ (x, t) =-1 in the inner region of the droplet. The interfacial region has been denoted by a diffuse zone expressed as -1< φ < 1. For the dynamic evolution of the order parameter φ, Cahn-Hilliard equation has been used. The equation is represented in the following dimensional form
where M φ is the interface mobility factor that determines the relaxation time of the interface and time scale of the Cahn-Hilliard diffusion.
( )
Here ζ is a parameter which controls the thickness of diffuse interface. In the nondimensional form, Eq. (9) can be expressed as
; where
Electric potential can be obtained by solving following governing equation,
The pressure and velocityfield can be obtained by solving the continuity equation and CahnHilliard Navier-Stokes equation that couple the phase field formalism with the EHD, expressed as follow
where,
and G ϕ ∇ denotes the the phase field dependent surface force because of interfacial tension. In the paradigm of the phase field formalism, the fluid properties are defined in the following way
In Eq. (10)- (13) One must acknowledge that periodic boundary condition has been used for velocity and pressure fields as well as phase field variable in the horizontal direction in the following shape,
.For solving the governing equations (Eq. (10)- (13)), we have used finite element solver COMSOL Multiphysics.
IV. RESULTS AND DISCUSSIONS
A. Validation of the numerical results
First of all, we have compared the numerical result with the analytical solution. The analytical solution is developed in a unbounded domain by using regular perturbation method taking Ca as a perturbation parameter (shown in appendix A). In regular perturbation method, the expansion of the droplet radius in asymptotic form can be represented in the following shape 55, 56 
The expression of
The sense of interface deformation depends on Ω T (deformation characteristic function), expressed as
T Ω > 0 denotes that the droplet will deform into prolate shape (major axis of ellipse is directed along the direction of electric field) where as T Ω < 0 necessarily means that the droplet will deform into oblate shape (major axis of ellipse is directed perpendicular to the direction of electric field). Different coefficients present in the higher-order shape correction are given in appendix A. The degree of droplet deformation has been measured by droplet deformation parameter D and expressed as
Here, θ is the droplet orientation angle that is formed by the major axis of elliptical droplet with the direction of shear flow.
From now onwards, the effect of different governing parameters on D has been discussed. For that purpose, we have chosen three perfect dielectric system that are system I, II, and III having S=15, S=2 and S=0.1 respectively. Furthermore, we have also considered four leaky dielectric systems having (R, But, the higher-order nonlinear theory shows better matching with the numerical solution with respect to the leading-order linear theory for comparatively higher value of Ca. Figure 3 shows the effect of domain confinement on steady state deformation parameter (D ∞ ). We have varied confinement ratio (Wc) from 0.2 (unbounded domain) to 0.8 (extremely confined domain). Figure 3 (a) depicts the variation of steady state deformation parameter with Wc for the perfect dielectric system II. From the figure, it has been obtained that the value of D ∞ decreases with Wc upto Wc ≈ 0.30 and beyond it, further increase in the domain confinement results in the enhancement of D ∞ both at lower and higher electric field strength (M=1 and M=10). A similar phenomenon is also observed for perfect dielectric system III at higher electric field strength (M=10) where the magnitude of D ∞ decreases with confinement ratio up to Wc≈0.5 and beyond it, if we further increase the value of Wc, the steady state deformation again increases as shown in Fig 3(b) . On contrary to this, D ∞ increases monotonically with domain confinement at lower electric field strength (M=1). This droplet deformation characteristic is occurred due to the interplay between normal electric stress (as normal hydrodynamic stress is not present), viscous stress and the effect of domain confinement on the stress. It is important to mention that the strength of the normal electric stress depends on electric field strength as well as domain confinement, where as viscous stress is only governed by the domain confinement for a given shear flow 42, 43 . The normal electric stress always tries to deform the droplet into prolate shape where as viscous stress tries to deform it along the direction of flow and retard the effect of normal electric stress. For perfect dielectric system II (for considered value of S), increase of viscous stress with confinement is comparatively higher than the normal electric stress as the value of S is not much high. In unbounded domain, the normal electric stress is dominating as the strength of shear stress is low. But with increase in Wc, the magnitude of shear stress increases that retard the deformation via reducing the effect of normal electric stress and the deformation achieves its minimum value at Wc=0.3. After Wc=0.3, the viscous stress becomes dominating and further increase in Wc again enhances the deformation due to increase in shear stress and the droplet aligns more in the flow direction. A similar interplay between normal electric stress and viscous stress is also responsible for the observed deformation characteristic of perfect dielectric system III at higher electric field strength. On the other side, at lower electric field strength (M=1), the deformation increases monotonically with increases in Wc due to the dominating nature of shear stress over the normal electric stress.
B. Effect of domain confinement on steady state deformation
Similarly, Fig. 3(c) shows the variation of D ∞ with Wc for system IV for different values of Masson number (M=1 and M=20). From Fig. 3(c) , it is cleared that the deformation of the droplet is higher in low confined zone and with increase in the domain confinement, the value of steady state deformation decreases for M=20, where as for M=1, the values of D ∞ increases monotonically with Wc. The physical explanation of the above observed behavior is now provided. For the present case, the normal hydrodynamic stress also acts in addition to normal electric stress and viscous drag stress. It is worthy to mention that the normal hydrodynamic stress decreases with increase in Wc and above a critical domain size, it becomes reversed. If we further increase the value Wc, its magnitude again increases 35 . For the considered values of (R, S), at lower domain confinement, both the normal electric and hydrodynamic stress act in the same direction at lower domain confinement and tries to deform the droplet into prolate shape, whereas viscous drag stress tries to deform it along the flow direction though its magnitude is small due to low confinement. For the case of higher electric field strength (M=20), the combine strength of normal electric and hydrodynamic stress is more that creates higher deformation in low confined domain. With increase in the confinement ratio, both normal electric stress and viscous drag stress increase, whereas the magnitude of normal hydrodynamic stress decreases and after certain confinement ratio (here, Wc=0.5), it becomes reverse. So, in confined domain. the effect of normal electric stress is reduced by the combine effect of viscous stress and reversed normal hydrodynamic stress. Due to that reason, the deformation decrease with increase in Wc and the droplet tries to align more in the flow direction. For lower electric field strength (M=1), the droplet deformation characteristic is regulated by the enhancement of viscous drag with domain confinement. So, it is monotonically increases. Figure 3(d) shows the variation of steady state deformation parameter with confinement ratio for leaky dielectric system V. From the figure, it has been obtained that the steady state deformation parameter increases with increase in the Wc for lower electric field strength. But, at comparatively higher electric field strength, the deformation increases with Wc up to Wc=0.8 and further increase in Wc reduces the deformation. The physical interpretation of the above observed deformation characteristic as shown in Fig. 3(d) is now provided. For the present case also, droplet deformation characteristic is governed by the normal electric stress, normal hydrodynamic stress, viscous drag and the effect of domain confinement on the stresses. For the considered value of (R, S), normal electric stress and hydro dynamic stress deform the droplet toward the electrode in unbounded domain at higher value of electric field strength (M=4). On contrary, the viscous drag tries to deform it toward the flow direction. With increase in the Wc, the strength of normal electric stress and viscous drag increases, whereas hydrodynamic normal stress decreases. For the present case, as the liquid droplet is more conducting than the ambient fluid (R=10), the effect of domain confinement on normal electric stress is pronounced. So, the deformation increases with Wc upto Wc =0.8. But after Wc=0.8, the combined effect of reversed normal hydrodynamic stress and viscous drag becomes dominating that reduces the deformation by decreasing the effect of normal electric stress and it aligns the droplet more toward the flow direction. The droplet deformation phenomenon observed at lower electric field strength can be explained in the similar way like system IV.
Figure 3(e) shows the variation of deformation parameter with confinement ratio for leaky dielectric system VI. From the figure, it is cleared that the steady state deformation parameter increases with confinement ratio at lower electric field strength (M=1) like other leaky dielectric system. But the deformation scenario gets surprisingly changed when the strength of the electric field increases, where the steady state deformation value decreases with Wc upto Wc≈0.5 and further increase in Wc again increases the deformation. The reason behind the observed droplet deformation phenomenon is now presented. For the considered values of (R, S), the normal electric stress and normal hydrodynamic stress try to deform the droplet along the flow direction similar to viscous drag in unbounded domain. At higher electric field strength, with increase in the domain confinement, the normal hydrodynamic stress reduces significantly that reduces the deformation. After Wc≈0.5, the normal hydrodynamic stress become reversed and if we further increase Wc, the magnitude of reversed normal hydrodynamic stress increases. In confined domain, the higher magnitude of reversed hydrodynamic stress creates higher deformation and tries to align the droplet along the electrode. Figure 4 depicts the transient evolution of the deformation parameter for different value of Ca E . . We have shown both the analytical result obtained from higher-order nonlinear theory corrected upto 2 ( ) E O Ca (that is shown by line) and numerical result (shown by markers) and performed a comparison between them. The variation of D with time for a perfect dielectric system I has been shown in Fig. 4(a) , where as Fig. 4(b) and 4(c) show the variation for system IV and system VII respectively. From all the figures, it is cleared that the analytical result shows a well agreement with the numerical result for lower value of Ca E . But, at higher values of Ca E, , the deviation is seen to be higher where the analytical result under predicts the deformation characteristic for all the systems.
C. Effect of domain confinement on transient droplet deformation characteristics
For analyzing the transient droplet deformation characteristic in confined domain under different electric field strength, we have plotted Fig. 5, Fig. 6, Fig.7 and Fig. 8 . In this section, we have varied the values M via changing the values of Ca E while keeping the value of Ca is fixed. Figure 5 For both the perfect dielectric system, it is well established that the deformation of droplet interface is governed by the normal electric stress due to electric field and the viscous drag due to the shear flow. For a higher value of Ca (here Ca=0.4) and Wc, the shear stress generates a large viscous drag and tries to deform the droplet along its direction. On the other side, the electric normal stress tries to deform it in prolate shape that is perpendicular to the shear plane. For both the system, it is happened that at lower value of M, the viscous drag is higher than the normal electric stress in confined domain due to higher values of Ca and regulates the droplet deformation phenomenon. As we increase the value M (or Ca E ), the normal electric stress increases that reduces the deformation via lowering the effect of viscous drag and tries to deform the droplet along its direction. So, the droplets are aligned more in the direction of electrode as shown in Fig. 5(b) and Fig. 6(b) . The unsteadiness in the deformation behavior is occurred due to continuous elongation and relaxation of the droplet interface. It is necessary to say that this elongation and relaxation is coupled with forward and backward rotation of the droplet that is occurred at higher shear rate and the interplay among the normal electric force, viscous drag force and surface tension force finally determine the time at which the droplet achieve steady state configuration. in confined domain 35 . For the considered values of (R, S), the combine action of viscous stress and normal electric stress tries to deform the droplet into oblate shape (along the flow direction) whereas the hydrodynamic normal stress tries to deform it into prolate shape. With increase in the value of M, combined magnitude of viscous stress and electric normal stress has been increased that ultimately increases the value of L and tries to align the droplet along the flow direction as shown in figure 7(b) . For the present case as deformation increases with M, the interface deforms more for locally balance the stresses that increases the time to achieve steady state configuration.
Similarly, Fig. 8 (a) and 8(b) also illustrate the transient variation of L and θ respectively for different values of M for leaky dielectric system IV. But unlike system VII, for the present case, both the steady state time and steady state value of deformation parameter decrease with increase in M (L ∞ =1.749 for M=7.5 and L ∞ =2.07 for M=0) as shown in Fig. 8(a) .
For the considered value of permittivity and conductivity ratio (R≫S), the magnitude of normal electric stress (as it is quadratic in R) is much higher than the normal hydrodynamic stress (it acts in opposite to normal electric stress) and net normal stress tries to deform the droplet along the vertical direction (prolate shape), whereas the viscous stress tries to deform it along the direction of flow. In highly confined domain, the higher viscous stress creates a large droplet deformation along the flow direction at higher value of Ca. As M increases, the net normal stress also increases that lowers the deformation parameter via reducing the effect of viscous drag and tries to align the droplet along vertical direction as shown in figure 8(b) . For that reason, the value of steady state deformation decreases with increase in M and steady state configuration has been reached at comparatively faster rate. Figure 9 (a) and 9(b) show the influence of domain confinement on droplet break up mechanism for system I and system VII respectively. From Fig. 9(a) , it has been noted that the droplet achieves steady state configuration in unbounded domain (Wc= 0.2) at Ca E =0.6. But in confined domain (Wc=0.909), the deformation characteristic is quite different where the droplet undergoes into a sudden elongation for same value of electric capillary number that ultimately leads the droplet to pinch off into daughter droplets. A similar scenario has also been observed for system VII shown in Fig. 9(b) .
D. Effect of domain confinement on droplet break up
A proper physical explanation of the observed behavior is now provided. For perfect dielectric system I, the normal electric stress tries to deform the droplet towards the electrode where as the shear stress tries to retard its effect via deforming the droplet along the flow direction. For system I, the magnitude of normal electric stress is also high as the value of S is very high. Furthermore, domain confinement again strengthens its value that finally leads the droplets to undergoes into breakup phenomenon. The reason behind the deformation phenomenon observed in Fig 9(b) is slightly different. For the system VII, both the normal electric stress and normal hydrodynamic stress tries to deform the droplet into oblate shape in unbounded domain. Likely, the viscous stress also tries to deform the droplet along the flow direction. But, as the effect of domain confinement on the governing stresses is not pronounced, it creates lower deformation and the droplet achieves steady state configuration quickly. But in confined domain, the scenario is quite different. For the considered values of (R, S), the electric field strength in confined domain is very high as shown in Fig 10(a) . This necessarily stands for higher normal electric stress (as normal electric stress is proportional to E 2 ).Furthermore, the shear rate is also significantly higher that means the magnitude of shear stress is also high in confined domain. It is also worth to note that the reversed hydrodynamic stress tries to reduce the deformation in confined domain. Despite that fact, the droplet undergoes into break up phenomenon due to the combined strength of normal stress and viscous stress. (b) (a)
VI. CONCLUSIONS
A. Summary of the findings
In the present analysis, we have investigated the effect of domain confinement on the EHD of droplet under the combine presence of uniform electric field and simple shear flow. For capturing the essential features of the droplet dynamic phenomenon in confined domain, we have performed the numerical simulation in a two dimensional co-ordinate system. In order to validate the numerical result, we have also performed analytical study considering higher order correction term. The present study is focused on the effect of domain confinement on the steady state droplet deformation, transient deformation characteristic and droplet breakup. The key findings are summarized as follow (i) At lower electric field strength, the perfect dielectric system having S<1 shows a monotonically augmentation of the deformation parameter with the confinement ratio. However, non-monotonic variation is observed at higher electric field strength. On the other side, the deformation characteristic follows a non-monotonic variation both at higher and lower electric field strength for perfect dielectric system having S>1.
(ii) For both the type of leaky dielectric systems (S>R and R>S), a monotonic increasing behavior of deformation is observed at small electric field strength. But, at higher electric field strength, non-monotonic dependency of deformation parameter on confinement ratio becomes prominent.
(iii) In highly confined domain, for perfect dielectric system having S>1, the steady state deformation reduces with electric field strength, whereas the steady state time increases. For perfect dielectric system having S<1 also, the value of steady state deformation reduces with electric field strength, but the droplet achieve steady state configuration quickly.
(iv) In highly confined domain, the steady state deformation parameters as well as steady state time increases with electric field strength for leaky dielectric system having S>R. On the contrary, both the deformation parameter and steady time decreases with electric field strength for the leaky dielectric system with R>S.
(v) For both the perfect dielectric system and leaky dielectric system, the domain confinement incite the droplet breakup phenomenon.
B. Remarks
In the present analysis, we have considered a 2D computational domain with drastic simplification. Through Fig 2 and 4 , we have shown a good agreement between analytical solution obtained for liquid column and present numerical result and confirmed that the present simulation results are appropriate for capturing the deformation dynamics of liquid column in confined domain in combined presence of background shear flow and transverse electric field. But the same is not correct for liquid droplet as the flows are three dimensional in nature. However, there are some similarities in EHD of 2D and 3D liquid droplet. In presence of uniform electric field, the EHD flow circulation for both the 2D and 3D liquid droplet are similar and consists of four circulation rolls inside and outside of the droplet. For both the 2D and 3D cases, the direction of flow circulation also depends on the electrical property ratios (conductivity ratio and permittivity ratio) of the droplet and suspending fluid. To confirm the applicability of the present 2D model, we have performed a pairs of model comparison test . In first test, we have compared our numerical result with the experimental results (for 3D droplet in unbounded domain) of Salipante and Vlahovska 57 and Tsukada et al. 58 (refer to appendix C for details). The study suggests that the trends of the characteristic curves are very similar and a well agreement is achieved for lower values of Ca E , whereas the deviation is seemed to be higher for higher values of Ca E . In another set of comparison test, we have compared our numerical result with the experimental result of Sibillo et al. 42 (3D droplet suspended in confined shear flow), where also we have found a good matching.
So, after the comparison test, a conclusion can be drawn that the study of 2D droplet dynamics will provide sufficient practical insights into the dynamics of three-dimensional droplet and will uphold substantial degree of physical importance. It is also necessary to note that several literature 36, 39, 43, 45, 59, 60 have been reported that have considered 2D study for capturing the underlying physics of droplet dynamics.
APPENDIX A: ANALYTICAL SOLUTION FOR THE DROPLET SHAPE IN UNBOUNDED DOMAIN
Under the Stokes flow (i.e. Re=0) condition, the analytical solution of the present EHD problem can be done by neglecting the effects of walls. In an unbounded domain, at lower value of Ca, the strength of the hydrodynamic stress is low that leads to small deformation. Due to that, the droplet shape deviates less from its spherical shape. Again, 1 M  illustrates that the electric stress is also less that means deformation due to electric field induced electric stress is also less that allows us to obtain a analytical solution of electric potential and velocity field by using regular perturbation method taking Ca E or Ca as a perturbation parameter. Here, We have considered Ca as a perturbation parameter for sake of convenience. In regular perturbation method, the expansion of each dependent variable takes the following perturbation form 55, 61 ( ) 
Here also, we have calculated the unknown coefficient of the Eq.(A4)-(A5) by using the appropriate interfacial boundary condition (no slip and no penetration boundary condition of the velocity and tangential stress boundary condition). By applying the normal stress boundary condition, we have calculated the droplet shape and the important expression of Eq. (17) 
APPENDIX C: VALIADTION OF THE PRESENT 2D NUMRICAL MODEL
For conforming the utility of present 2D numerical analysis in to 3D dimensional analysis, we have compared our present numerical result with the experimental result of Sibillo et al. 42 as shown in Fig. 12(a) , where a liquid droplet is suspended in a confined shear flow. This study shows a well matching between the numerical result and experimental result. Furthermore ,we have made another comparison of our numerical result with the experimental result of Tsukada et al. 58 & Salipante and Vlahovska 57 as shown in Fig.12(b) .
The study shows a good matching between the present numerical result and experimental result at lower values of Ca E , where as the deviation is comparatively higher at higher value of Ca E.. respectively. The viscosity ratio ( λ ) of the fluids used in the study of Sibillo et al. 42 is 25
